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Abstract

Pulsating laminar convection heat transfer in a circular tube with constant wall heat flux is investigated analytically.

The results show that both the temperature profile and the Nusselt number fluctuate periodically about the solution for

steady laminar convection, with the fluctuation amplitude depending on the dimensionless pulsation frequency, x*, the
amplitude, c, and the Prandtl number, Pr. It is also shown that pulsation has no effect on the time-average Nusselt num-

bers for pulsating convection heat transfer in a circular tube with constant wall heat flux.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

An oscillatory flow can be classified as either a pul-

sating flow (with a time-mean flow) or a reciprocating

flow (with a zero time-mean flow). Extensive attention

has been paid to the behavior of pulsating/oscillatory

flow and associated convection heat transfer for a few

decades because it is frequently encountered in many

practical applications. As early as in 1929, Richardson

and Tyler [1] measured the velocity profile of the pulsat-

ing flow in a circular tube and found the ‘‘annular

effect’’. Uchida [2] and Siegel and Perlmutter [3]

obtained analytical solution of the velocity profile for

pulsating flow in tubes and in parallel plate channels.

Recently, reciprocating flows and associated heat trans-
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fer behavior in circular tubes were studied by Zhao and

Cheng [4–8]. Although a number of studies on convec-

tion heat transfer in pulsating flows, including experi-

mental investigations [9–12], analytical investigations

[3,13–15] and numerical simulations [17], have been re-

ported, the conclusions drawn from the previous studies

are often inconsistent and sometimes even in contradic-

tions. One of the key issues concerning pulsating convec-

tion heat transfer in tubes is whether a superposed flow

pulsation enhances heat transfer in the original steady

flow. The answer to this question in the previous studies

can be classified into four different opinions: (1) flow

pulsation enhances heat transfer [9,13]; (2) it deteriorates

heat transfer [12,14]; (3) it has no effect on heat transfer

[3,10,11]; and (4) it either enhances or deteriorates heat

transfer, depending on flow parameters [15–17]. In this

work, we investigate analytically pulsating convection

heat transfer in a circular tube heated at a constant heat

flux and show that flow pulsation neither enhances nor

deteriorates heat transfer in a steady flow.
ed.
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2. Analysis

2.1. Formulation

Consider an incompressible, laminar, viscous fluid

pulsating in a circular tube (with radius, r0) heated with

uniform heat flux. The pulsating flow is driven by a pres-

sure gradient that varies sinusoidally with time as

op
ox

¼ op
ox

� �
s

ð1þ c cosðxtÞÞ; ð1Þ

where c is a constant that controls the amplitude of the

pressure fluctuation. For fully developed convection

heat transfer, the governing equations and the boundary

conditions can be written as
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Introducing the following dimensionless parameters:
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where um ¼ � r2
0

8l
op
ox

� �
s
is the cross-sectional mean veloc-

ity for the time-averaged flow, we can rewrite

Eqs. (2) and (3) and the corresponding boundary condi-

tions as
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2.2. Velocity profile

Assuming that the dimensionless velocity u* is given

by

u�ðr�; tÞ ¼ u�s ðr�Þ þ u�t ðr�; tÞ; ð8Þ

where u�s ¼ us=um is steady flow velocity, while

u�t ¼ ut=um is the imposed unsteady velocity component,

and substituting Eq. (8) into Eq. (5), we obtain the

velocity distribution as

u�s ¼ 2ð1� r�
2Þ; ð9Þ
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where J0 and J1 are the Bessel function of the first kind

of order 0 and 1, respectively, kð0Þn is the eigenvalue of the

Bessel function of the first kind of order 0.

2.3. Temperature profile

Similarly, assuming that the dimensionless tempera-

ture consists of a steady component and a instantaneous

component [14,15], i.e.,

H ¼ Hsðr�;X Þ þHtðr�; tÞ ð11Þ

and substituting Eqs. (8) and (11) into Eq. (6), we obtain

the temperature distribution as follows:
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4

4
� 7

24
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;

kð0Þn and kð1Þn are the eigenvalues of the Bessel function of

the first kind of order 0 and 1.

2.4. Nusselt number

We now define the Nusselt number as

Nut ¼
2qwr0

ðT w � T bÞk
¼ 2

Hw �Hbt

; ð14Þ
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where Hbt is the transient bulk temperature defined as

Hbt ¼
R 1

0
Htu�t dr

�R 1

0
u�t dr�

: ð15Þ

Substituting the obtained velocity and temperature dis-

tribution given by Eqs. (8)–(13) into Eqs. (14) and

(15), we can obtain the transient Nusselt numbers.
3. Discussion

Fig. 1 shows the transient Nusselt numbers, obtained

from Eq. (14) over one period for a given pressure oscil-

lating amplitude c, for different Prandtl numbers Pr and

dimensionless pulsation frequency, x*. It is seen from

Fig. 1 that the Nusselt number fluctuates periodically;

its fluctuation amplitude varies with the dimensionless

pulsating frequency and Prandtl number. A higher pul-

sation frequency, x*, and a lower Prandtl number, Pr,

lead to a smaller fluctuation amplitude of the Nusselt

number. For small dimensionless pulsating frequencies,

e.g., x* = 0.1, the influence of Pr on Nu becomes negli-

gibly small (see Fig. 1a). On the other hand, when x* is

larger than 50, the fluctuation of Nu is smaller than 1%

(see Fig. 1d). It is also interesting to observe that the

time-average Nusselt number in Fig. 1(a–d) is equal to

4.36, which is the same as that for steady convection

heat transfer in a circular tube with constant heat flux.

This finding can be further elaborated as follows.
Fig. 1. Transient Nusselt numbers for different Prandtl numbers Pr an

(c) x* = 10 and (d) x* = 50.
Following the procedures proposed by Guo [18], we

now integrate Eq. (6) to obtain
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Z 1

0

oH
ot� dr�

: ð16Þ

Substituting Eqs. (8) and (11) into Eq. (16) yields
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Noting that the vectors u�s and u�t have the axial

component only, whereas the vector $Ht has the radial

component only. It follows that their dot product is

zero, i.e.

u�s � rHt ¼ 0; u�t � rHt ¼ 0:

Hence, the third and forth term on the right-hand side of

Eq. (17) can be dropped. With this, we integrate Eq. (17)

over a period T to give the time-average value Nusselt

number as

Nut ¼
RemPr
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0

Z 1
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u�s � rHs dr� þ
Z 1

0

u�t � rHs dr�
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d dimensionless pulsation frequency x*. (a) x* = 0.1, (b) x* = 1,
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For convenience, u�t in Eq. (10) can be rewritten as

u�t ¼ f1ðr�Þ cosðx�t�Þ þ f2ðr�Þ sinðx�t�Þ: ð19Þ

Based on Eqs. (12) and (19), the three components

[r,h,x] of the vectors $Hs and u�t are
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4
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We now rewrite the second term on the right-hand of

Eq. (18) as
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Substituting Eq. (20) into (21) leads us to conclude that
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Hence, the second term on the right-hand of Eq. (18) can

now be dropped. Furthermore, for the periodical pulsat-

ing flow under consideration, it is straightforward to

show that the last term on the right-hand of Eq. (18) is

Pr
T
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In summary, Eq. (18) finally reduces to

Nut ¼ RemPr
Z 1

0

u�s � rHs dr�: ð24Þ

Eq. (24) is the same as that obtained for a steady flow by

Guo [18]. The above discussion explains why the time-

average Nusselt number for pulsating flow, shown in

Fig. 1, is equal to the value for convection in a steady

flow.
4. Concluding remarks

An analytical solution for pulsating laminar convec-

tion heat transfer in a circular tube with constant heat

flux has been obtained. The result shows that an im-

posed flow pulsation causes both the temperature and
Nusselt number fluctuate periodically about the solution

for steady laminar convection, with the fluctuation

amplitude depending on the x*, c and Pr. For c = 0.5

and dimensionless frequency x*>10, the fluctuation in

the Nusselt number is negligibly small. Finally, it has

been demonstrated rigorously that that pulsation has

no effect on the time-average Nusselt numbers for pul-

sating convection heat transfer in a circular tube with

constant wall heat flux.
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